By two well-known results, one of Ax, one of Lubotzky and van den Dries, a pro nite group is projective i it is isomorphic to the absolute Galois group of a pseudo-algebraically closed eld. This paper gives an analogous characterization of relatively projective pro nite groups as absolute Galois groups of regularly closed elds.
Introduction
The absolute Galois group G F of a eld F is the Galois group of a separable closure F sep of F over F, considered as pro nite group.
The free product G 1 ? ?G n of pro nite groups G 1 ; . . . ; G n is a pro nite group G allowing embeddings i : G i ! G (i = 1; . . . ; n) such that, given any homomorphisms i : G i ! H (i = 1; . . . ; n) into a pro nite group H, there is a unique homomorphism : G ! H with i = i for each i. This paper has two targets: one is to give a simpli ed proof of the fact that the free product of nitely many absolute Galois groups is again an absolute Galois group, and the other is to describe the absolute Galois group of multiply valued elds satisfying a local-global principle for rational points of varieties.
Theorem 1 Given elds F 1 ; . . . ; F n , there is a eld F of characteristic 0 with G F = G F 1 ? ? G F n . Moreover, if char F 1 = . . . = char F n = p > 0, F can also be chosen to have characteristic p.
We call a pro nite group G projective strongly projective] relative to subgroups G 1 ; . . . ; G n of G if each epimorphism : H ! ! G of pro nite groups which splits locally (i.e. 8i9 i : G i ! H with i = id G i ) splits globally (i.e. 9 : G ! H with = id G and for each i, (G i ) is conjugate to i (G i 
) in H]).
If G is projective relative to subgroups G 1 ; . . . ; G n , then G embeds into G 1 ? ? G n ? F, where F is some free pro nite group (Proposition 1.4(5)). Since any free pro nite group occurs as absolute Galois group of some eld of any prescribed characteristic, and since subgroups of absolute Galois groups are absolute Galois groups, Theorem 1 immediately generalizes to Theorem 1' Let G be a pro nite group which is projective relative to subgroups G 1 ; . . . ; G n and assume that each G i is an absolute Galois group. Then G is an absolute Galois group of some eld of characteristic 0. Moreover, if all G i can be realized over elds of the same xed positive characteristic, then so can G. Theorem 1, which answers Problem 18 from J], should be attributed to Florian Pop, though he never states it: Theorem 1 is a simple consequence of Theorem 3.4 in Po1], which even allows to generalize Theorem 1 to certain 1 Locally split embedding problems Let us extract from Po1], assertion 1.1, and from Erhsov's analysis of`projective ? -groups' what seem to be the`correct' notions for dealing with strongly] relatively projective pro nite groups:
De nition 1.1 Let G be a pro nite group and let G 1 ; . . . ; G n be subgroups of G. Then a locally split embedding problem for G w.r.t. G 1 ; . . . ; G n is given by a pair of epimorphisms : G ! ! B, : A ! ! B, where A and B are pro nite groups, and by homomorphisms i : (G i ) ! A with i = id (G i ) By assumption, each of these reduced lifted locally split embedding problems has a proper locally conjugate solution, i.e. there is an epimorphism Surjectivity then passes from 0 to , and, since A 0 is nitely generated (hence small), this implies that is an isomorphism.
Thus ?1 0 : G ! A 0 is a homomorphism with ?1 0 j G i = i i j G i (i = 1; . . . ; n), and so the induced homomorphism = ?1 0 : G ! A is the desired locally exact solution of our locally split embedding problem: ) is well-de ned ( N ( N (g)) = N (g)) and im 0 im : for g 2 G let N (g) = hN for some h 2 H and observe that h can be chosen with (h) = g because (h) (N) = g (N) . Hence := ?1 0 is a splitting for .
Moreover (K 2 K) form an inverse system of non-empty compact sets.
Hence the inverse limit is non-empty, and any element in it de nes a locally conjugate] splitting of (1) 
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Proof: Choose an in nite set X of indeterminates over K with ]X = maxf]K; @ 0 g and x some well-ordering`<' on X. Let L = K(X) and let w be the`(X; <)-adic' valuation on L: For any nite subset fx 1 < k 2 < . . . < x n g X, the restriction of w to K(x 1 ; . . . x n ) is (equivalent to) the composed valuation w x 1 w x n , where w x i is the x i -adic valuation on the rational function eld K(x i+1 ; . . . ; x n )(x i ) in x i over K(x i+1 ; . . . ; x n ). To make this consistent, de ne
where`L' is the lexicographic sum w.r. 2. It is well-known that the absolute Galois group of a eld K of characteristic p > 0 can be realized as absolute Galois group of a eld L of characteristic 0: just make K the residue eld of a valuation of mixed characteristic (extend the p-adic valuation on Q canonically to a valuation on the purely transcendental extension Q(X) of Q with residue eld F p (X), where X is a transcendence basis of K over F p and adjoin roots of minimal polynomials of all elements of K over F p (X) lifted to Q(X)), pass to the henselisation L 0 of L and then to the xed eld of a complement of the inertia subgroup of G L 0 (use Fact 2.1(a)). Hence we may assume that char F 1 = char F 2 .
3. Since for any subgroups H 1 G 1 and H 2 G 2 of pro nite groups G 1 , G 2 , the subgroup generated by H 1 and H 2 (under the canonical embeddings of G 1 , G 2 ) in G 1 ? G 2 is H 1 ? H 2 , and since subgroups of absolute Galois groups are absolute Galois groups, it su ces to realize G k(X) ? G k(Y ) as absolute Galois group of a eld of the characteristic of k, where k = Q or F p is the prime sub eld of F 1 and F 2 , and where X and Y are transcendence bases of F 1 and F 2 over k which we may assume algebraically independent.
4. Now choose valuations v 1 and v 2 on F = k(X Y ) with Fv 1 = k(X) and Fv 2 = k(Y ) and apply Proposition 3.7 to obtain a eld with absolute Galois group D 1 ? D 2 , where D i is a decomposition subgroup of G F w.r.t. v i (i = 1; 2). Passing to complements of the inertia subgroups of D 1 , D 2 we obtain, once more applying the argument in 3., a eld with absolute Galois group G k(X) ? G k(Y ) . 2 By the same arguments as in Step 3 and 4, it is clear that the proof of Theorem 1 can be reduced to realizing G k(X) ?G k(X) as absolute Galois group having the same characteristic as the prime eld k, where X is in in nite set of indeterminates over k. But we do not know whether G k(X) = G k(X) ?G k(X) .
Theorem 1 has an almost trivial generalisation to`pro-C Galois groups':
Let C be an almost full family of nite groups, i.e. C is closed under homomorphic images, subgroups and direct products. A pro-C group is then an inverse limit of groups in C and the free pro-C product G 1 ? C ? C G n of pro-C groups G 1 ; . . . ; G n is a pro-C group G admitting embeddings i : G i ! G such that given any homomorphisms i : G i ! H into a pro-C group H there is a unique homomorphism : G ! H with i = i (i = 1; . . . ; n). The pro-C Galois group G F (C) of F is the maximal pro-C quotient of G F , Proof: We will rst construct an n-fold valued eld (F; v 1 ; . . . ; v n ) satisfying all stated properties except being regularly closed. To this end let G n+1 be a free pro nite group with rk G n+1 = rk G. Then G n+1 is an absolute Galois group as well and we nd, as in the proof of Theorem 1, an (n+1)-fold valued eld (K; w 1 ; . . . ; w n+1 ) with G K = G 1 ? ? G n+1 , where the free factors G i are decomposition subgroups of G K w.r.t. w i , where the w i are independent and where each (K; w i ) allows immediate extensions of higher cardinality.
Let : G K ! G be an epimorphism identifying the free factors G 1 ; . . . ; G n with the correpsonding subgroups of G and projecting G n+1 onto G. As G is strongly projective relative to G 1 ; . . . G n , there is a splitting : G ! G K of with (G i ) conjugate to the factor G i in G K (for i = 1; . . . ; n). Now let (F; v 1 ; . . . ; v n ) be the xed eld of (G) where each v i is induced from the henselisation F i of (K; w i ) with G F i = (G i ).
Now we continue as in the previous proof. Given a curve C over F with Observation 5.3 Solvability of a nite embedding problem for the absolute Galois group G F of a eld F can be expressed by an existential ( rst-order) formula in the language of elds with parameters from F. 
and res F sep =E = res L=E res F sep =L , the outer square commutes as well and, hence, so does the bottom square.
For the converse, assume there is a Galois extension L=F containing E and an isomorphism : Gal(L=F) ! A making the bottom square of the diagram above commute. We de ne := res F sep =L , so that the top square commutes. Then : G F ! A is an epimorphism and = res F sep =E = res L=E res F sep =L = ( ) ( ?1 ) = :
The claim is proved. Our next step is to express the existence of a Galois extension L=F as described in the claim by an`almost existential' formula in the language of elds f+; ; 0; 1g (allowing parameters from F). We rst express that there is a Galois extension L=F with Gal(L=F) = A. This is equivalent The formula which expresses proper solvability of our embedding problem is existential except for the phrase`f c is irreducible' in the formula . It may now come as a minor surprise that the most naive way of making the formula existential | delete`f c is irreducible' | works, provided F is in nite. Yet for nite elds F, G F =Ẑ is projective, and so every embedding problem has a solution (and any formula true in F is equivalent to that truth). Hence, from now on, F is assumed to be in nite.
So let us rst assume that the new formula holds for F, say with c; The idea to consider`Galois-algebra extensions' rather than just eld extensions when dealing with embedding problems for absolute Galois groups already occurs in Hasse's 1948-paper Hs], section 1. As an application of independent interest let us mention the following Corollary, which might be helpful for the question whether the inverse Galois problem for Q is decidable: note that there is still a chance that the existential theory of Q be decidable. Corollary 5.5 Let F be a number eld and let F 1 ; . . . ; F n be henselisations w.r.t. n distinct primes on F. Then locally conjugate solvability of a locally split embedding problem for G F w.r.t. G F 1 ; . . . ; G F n is a diophantine property, i.e. equivalent to an existential rst-order formula in the language of elds. Proof: This is just a combination of our Proposition 5.4 with Rumely's existential de nability of valuation rings in number elds ( Ru] 
